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Circles and Triangle: 

Q) Diagram (i) shows the incircle of ABC  with radius ‘r’ and three other circles inside 

the triangle, each touching the incircle and two sides of triangle. The radii of the 

circles nearest to vertices A, B and C are 
cbA

randrr , respectively. Show that

rrrr
cbA
 with equality occurring when ABC                               A  

 is equilateral.                                                 

                    Diagram (i) 

Solution: We consider the  

      Diagram (ii) as shown      E 
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   ܱ𝐸 = ܱܳ = ܳܲ  and  ݎ =  ݎʹ

     Q  G 
𝑂𝐸𝑂 = sinቀଶቁ 

C   ܱܣ = 𝑥 + ݎʹ +        ݎ

        sinቀଶቁ = 
𝑟𝑥+ଶ𝑟𝐴+𝑟 …… (i)      C

     E  ∆ARG and ∆AOE are similar 

   
𝑟𝐴𝑟  = 

𝑅𝑂 = 𝑥+ܣݎ𝑥+ʹݎ+ܣݎ  …… (ii)  

Eliminating ‘x’ in (i) and (ii), it can be shown that    sinቀଶቁ = 
𝑟−𝑟𝐴𝑟+𝑟𝐴 

 ݎ = ݎ Similarly          ((ܣʹ)𝑖݊ݏ + ͳ(ܣʹ)𝑖݊ݏ − ͳ) ݎ = ݎ   and  ((ܤʹ)𝑖݊ݏ + ͳ(ܤʹ)𝑖݊ݏ − ͳ) ݎ =  ((ܥʹ)𝑖݊ݏ + ͳ(ܥʹ)𝑖݊ݏ − ͳ) ݎ

 ݎ + ݎ + ݎ = ݎ [ͳ − ݏ𝑖݊(ʹܣ)ͳ + ݏ𝑖݊(ʹܣ) + ͳ − ݏ𝑖݊(ʹܤ)ͳ + ݏ𝑖݊(ʹܤ) + ͳ − ݏ𝑖݊(ʹܥ)ͳ + ݏ𝑖݊(ʹܥ)]  …… (iii) 

 ݎ + ݎ + ݎ = ݎ [ቆͳ − ݏ𝑖݊(ʹܣ)ቇʹ
 𝑐(ܣʹ)ʹݏ + ቆͳ − ݏ𝑖݊(ʹܤ)ቇʹ

 𝑐(ܤʹ)ʹݏ + ቆͳ − ݏ𝑖݊(ʹܥ)ቇʹ
 𝑐(ܥʹ)ʹݏ ]    

The denominator of simplified expression is 𝑐ݏଶ ቀଶቁ 𝑐ݏଶ ቀଶቁ 𝑐ݏଶ ቀଶቁ   

The expression has a minimum value when 𝑐ݏ ቀଶቁ 𝑐ݏ ቀଶቁ 𝑐ݏ ቀଶቁ is maximum. 𝑐ݏ ቀଶቁ 𝑐ݏ ቀଶቁ 𝑐ݏ ቀଶቁ is maximum, when ∆ABC is equilateral. 

  ܣ = ܤ = ܥ = 6Ͳ  and  ݏ𝑖݊ ቀଶቁ = 𝑖݊ݏ ቀଶቁ = 𝑖݊ݏ ቀଶቁ = ଵଶ                     

From (iii)  rrrr
cbA
  with equality occurring when ABC  is equilateral. 
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